Connecting joints are significant components in mechanical systems as well as the Cartesian flexible robotic manipulator (FRM) which consists of a flexible arm and a moving base through connecting joints. Uncertain factors, such as unqualified assembly, accidental collision, and longtime service, will reduce the restraint stiffness of the connecting joints and enhance the dynamic nonlinearity of the system subsequently. In this case, the traditional perfectly fixed restrained model cannot reflect the real property of the connecting joints. is paper focuses on the elasticity property of the connecting joints with uncertain restraint stiffness, which is defined as the elastically restrained connecting joints (ERCJ), and investigates the dynamic characteristics and restraint mechanism of the ERCJ. An elastic restrained model is proposed to describe the elasticity property of the connecting joints and determine the elastic restrained region of the ERCJ, and the frequency relationship equation in the elastic restrained region is simultaneously determined and verified. Based on the proposed elastic restrained model and Hamilton's variational principle, the dynamic model and vibration displacement equation of the FRM with elastically restrained connecting joints (FRMERCJ) are established. e virtual prototype experiment of the FRMERCJ is conducted to verify the dynamic model and reveal the restraint mechanism of the ERCJ. e proposed elastic restrained model in this paper can accurately describe the elasticity property of the connecting joints, and the ERCJ is sensitive to motion velocities especially under higher velocities for higher-order vibrations in the initial stage.
Introduction
Flexible manipulators have gradually applied in robotic systems [1] [2] [3] . Compared with rigid robotic manipulators (RRMs) constructed with heavy materials and bulky structures, flexible robotic manipulators (FRMs) are more lightweight and flexible and have been widely applied in aeronautics, astronautics, and precision manufacturing [4] [5] [6] . As shown in Figure 1 , a Cartesian FRM can be modeled as a moving base, a flexible arm, and an end effector, which remains a typical rigid-flexible coupling system conveying rigid motions of the moving base and elastic vibrations of the flexible arm. is rigid-flexible coupling studied the vibration control of the FRM with piezoelectric materials. Liu et al. [12] investigated the dynamic of a motordriven FRM system under the e ect of electromechanical coupling factors in the driving system. Lu et al. [13] proposed a composite control of a rotational FRM with trajectory tracking of the driving system and vibration suppression of the exible arm. e exible arms in these indicated investigations are commonly installed on the moving base through bolted joints, and the bolted joints in the dynamic model are regarded as absolutely xed restrained joints without considering the elastic or exible property of the connecting joints, which is di cult to achieve in actual applications. Actually, the connecting sti ness of the bolted joints is determined by the preloads in the assembling process; for the situations that the preloads are not accurately controlled or undergoing accidental collision and longtime executions, the connecting sti ness of the bolted joints will simultaneously reduce smaller than the expected values. Chen et al. [14] indicate that the simpli ed tightening process may cause a smaller resultant torque due to the opposite direction of the two torque components, which will lead to a greater loss of preload than the value in reality, and it reveals that there exists a creep slip phenomenon on the bolt head bearing surface, which causes the bolt self-loosening to occur.
is insu cient connecting sti ness deviates the ideal status and exhibits certain elasticity, which enhances the rigid-exible coupling e ect between the exible arm and the moving base accordingly [15] .
e rigid-exible coupling e ect aroused by these elastically restrained connecting joints (ERCJ) will be more sensitive to the disturbance excitations during operations and in uence the dynamic characteristics of the FRM [16] .
e joint exibilities or elasticity in the robotic system has attracted increasingly wide attentions from researchers. Subudhi and Morris [17] discussed the dynamic modeling, simulation, and control of a manipulator with exible links and joints. Qian and Zhang [18] and Malgaca et al. [19] investigated the e ect of joint exibility on the dynamic characteristics of the manipulator. Wei et al. [20] proposed a global mode method to obtain the reduced-order analytical dynamic model for a signal exible-link exible-joint manipulator. Using link and joint position measurement, Agee [21] proposed a distributed higher-order di erential feedback controller to reduce the joint vibration and improve the tracking behavior in reference trajectory tracking control. e joint exibilities investigated in these existing literatures are commonly focused on the joints between the links and are di erent with the connecting joints between the exible arm and the moving base which will be discussed in this paper. e existing researches on these bolted connecting joints mainly focus on such large structures as machine tools and bridge structures, and however, there are very little about robotic systems. On the contrary, the bolted connecting joints in these large structures are generally static and the investigations are mainly about sti ness identi cation and structural optimization [22, 23] . However, to comprehensively assess the elasticity property of the connecting joints, the dynamic characteristics and restraint mechanism of the connecting joints for the structure undergoing movements of the robotic system should be revealed. In our previous studies, the vibration characteristics of the exible arm with elastically restrained connecting joints were studied [23, 24] , and however, the connecting joints studied are stationary without the inuence of movements. Moreover, to accurately re ect the elasticity property of the connecting joints, the elastic restrained region as well as the internal relationship equation of the restraint sti ness and the modal characteristics should be revealed. For this, the dynamic restraint mechanism of the elastically restrained connecting joints remains a further study.
In this paper, aiming at the connecting joints between the exible arm and the moving base and considering their elasticity property, an accurate dynamic model will be established to investigate the coupling dynamic characteristics of the FRM system. e elastic restrained region and the de nite frequency relationship equation in this elastic restrained region will be determined. Furthermore, the dynamic restraint mechanism of the elastically restrained connecting joints under movements is investigated. e remainder of this paper is organized as follows. In Section 2, the mode frequency characteristic of the FRM with elastically restrained connecting joints (FRMERCJ) is investigated and veri ed experimentally, which conducts the frequency relationship equation in the elastic restrained region. Considering the elasticity property of the connecting joints, the vibration response characteristics of the FRMERCJ are investigated in Section 3. Base on virtual prototype experiment, the dynamic restraint mechanism of the elastically restrained connecting joints is revealed in Section 4. e paper is concluded with a brief summary in Section 5. diagram of the Cartesian FRM in Figure 1 , to describe the elasticity property of the connecting joints caused by insu cient connecting sti ness, the restraint of the connecting joints is modeled as tensional springs with restraint rigidities k, and the elastic restrained model can be constructed as shown in Figure 2 . In this case, the FRM remains a rigidexible coupling system. Based on the elastic restrained model in Figure 2 , the orthogonal mode shape of the FRMERCJ can be denoted as [25] φ(x) α 1 sin βx + α 2 cos βx + α 3 sinh βx + α 4 cosh βx, (1) where α 1 , α 2 , α 3 , and α 4 are the coe cients determined by boundary conditions and β is a related parameter of frequency ω and can be determined as
Mode Frequency
where ρ is the mass density, A is the cross-sectional area, A b × h, b and h are the width and the thickness, respectively, E is Young's modulus, and I is the cross-sectional moment of inertia about the neural axis, I bh 3 /12. According to Reference [16] , the mode frequency equation of the FRMERCJ can be described as
In Equation (3), assuming the restraint sti ness k ⟶ +∞, the frequency equation will be converted to cos βL cosh βL + 1 0 which is the frequency equation of the exible robotic manipulator with xed restrained connecting joints (FRMFRCJ).
Numerical simulation is conducted to investigate the mode frequency characteristic of the FRMERCJ with different restraint sti nesses. In the simulation, the exible arm is characterized as a exible beam to describe its lower damp and sti ness features with following structural parameters: length L 400 mm, width b 45 mm, thickness h 3 mm, Young's modulus E 25.24 GPa, volumetric density ρ 2030 kg/m 3 , Poisson's ratio μ 0.30, and mass of the damping ratio ζ 0.005. Figure 3 presents the rst three orders mode frequencies of the FRMERCJ. It can be seen that with increasing of the restraint sti ness, the mode frequencies gradually increase and close to the situation of FRMFRCJ, with the frequencies of 10.68 Hz, 66.93 Hz, and 187.41 Hz. It can be obtained that the ideal xed restrained connecting joints are di cult to achieve, and the restraint sti ness of the connecting joints is actually smaller.
From Figure 3 , the interval [10 4 N/m, 10 6 N/m] can be regarded as the elastic restrained region of the connecting joints as indicated in the gure. It can be found that, in this elastic restrained region, the relationship between the mode frequency and the restraint sti ness conveys the characteristic of the power function. erefore, the power function is applied to t the frequency tting equation in the elastic restrained region, which can be expressed as
Using the tting tool cftool in Matlab software, the coe cients of the tting equation of the rst three orders mode frequencies are obtained as a 1 Figure 4 presents the error analysis of the rst three orders mode frequencies obtained by the frequency tting equation. It can be seen that the tting errors of the rst-and second-order frequencies are smaller than 0.08% and 0.45%, respectively, and the tting error of the third-order frequency is greater than the rst and second orders for lower restraint sti ness, with the increase of restraint sti ness, and the tting errors will be signi cantly reduced.
Experimental Veri cation.
To verify the elastic restrained model, a modal test experiment device is setup as shown in Figure 5 . e connecting joints are modeled using bolted joints. e modal analysis model in the modal test experiment is established with ten divided segments in the length and two divided segments in the width. e measurement points are arranged that point 3 is the vibration pickup point and other points are the incentive points. e experiment is conducted using the approach of single-point vibration pickup with a force hammer.
e piezoelectric acceleration sensor DH131 is installed on the position of point 3 to obtain vibration signals, and the mass of the piezoelectric acceleration sensor is m e 1 g. e charge modulator DH5857-1 is applied to achieve the vibration signal processing.
e modal analysis software is the dynamic signal acquisition and analysis system DH5927N.
According to the modal test experiment, the rst three orders frequencies of the FRM are 9.12 Hz, 55.59 Hz, and Shock and Vibration151.85 Hz, respectively, which obviously deviate than that of the FRMFRCJ. e frequency error function is de ned as
Using the fminbnd optimization function in Matlab software, the restraint sti ness corresponding to the experimental modal results is obtained as k 3.4 × 10 4 N/m, which denotes the restraint sti ness of the connecting joints in the FRMERCJ. According to Equation (3), the rst three orders frequencies of the FRMERCJ are 10.61 Hz, 61.84 Hz, and 150.60 Hz.
To illustrate the analysis accuracy of the proposed elastic restrained model, the natural frequencies of the FRM under di erent restrained models and analysis errors of di erent mode orders are shown in Figure 6 . It can be obtained that, with the increase in mode orders, the error of the elastic restrained model reduces while the xed restraint model increases, and the results of the elastic restrained model are close to the experimental results with a relatively smaller error than the xed restrained model, which indicates that the proposed elastic restrained model can achieve more accurate results especially for higher-order modes. To comprehensively illustrate the accuracy and reliability of the proposed elastic restrained model, the rms errors of the natural frequency analysis results under di erent restrained models are calculated, and the values of the elastic restrained model and the xed restrained model are 3.8160 and 21.5681, respectively, which further indicates that the proposed elastic restrained model has a better performance of accuracy and reliability.
Vibration Response Characteristic of the FRMERCJ

Vibration Equation Based on Hamilton's Variational
Principle. As shown in Figure 2 , the FRMERCJ remains a rigid-exible coupling dynamic system, and the FRM conveys coupling motions, namely, rigid motions of the moving base and the elastic vibrations of the exible arm. In this section, based on the proposed elastic restrained model, the rigid-exible coupling dynamic model will be established to investigate the vibration characteristic of the FRMERCJ and restraint mechanism of the ERCJ. During the dynamic modeling, assumptions are made that the exible arm satis es the Bernoulli-Euler beam assumptions neglecting the shear deformations and the nonlinear coupling terms, and the transverse vibrations in the translating movements are the primary motions. Shock and Vibratione kinetic energy of the FRMERCJ can be written as
where v denotes the velocity of translating movement, m s is the mass of the moving base, m e is the mass of the end effector, and w(x, t) represents the transverse vibration displacements. e first part represents the kinetic energy of the moving base, the second part represents the kinetic energy of the flexible arm, and the third term indicates the kinetic energy of the end effector. e potential energy of the FRMERCJ mainly considers the bending elastic potential energy of the flexible arm and can be written as
Considering the damping effect of the flexible arm, the virtual work can be represented as
where v s is the Rayleigh structural damping, v s � 2ξ i ω i , where ζ i and ω i are the ith damping ratio and modal frequency, respectively.
To establish the dynamic model of the FRMERCJ, the Lagrangian function is defined as
and according to Hamilton's principle [26] , Equation (9) satisfies the following condition:
where
Substituting Equations (11) and (12) into Equation (10) yields
According to Equation (13), the following equation is obtained:
To obtain the vibration displacements, according to the assumed mode method [25] , the transverse vibration displacements w(x, t) can be expressed as
where q i (t) denotes the ith generalized coordinate and ϕ i (x) denotes the ith orthogonal mode shape which can be descried as
According to the orthogonality of mode shapes [27] , it yields L 0 � 2 i dx � 1, and Equations (8), (11) , and (12) can be converted into
where m i � L 0 ρA� i dx, (•) denotes the time derivative. Substituting Equations (18)- (20) into Equation (10) yields 6 Shock and Vibration
According to Equation (21), the vibration displacement equation in generalized coordinate of the FRMERCJ can be obtained as
And via Duhamel integral [25] , the following equation is obtained:
Based on Equations (15) and (23), the vibration displacement of the FRMERCJ can be obtained as
Vibration Response Characteristics of the FRMERCJ.
In this section, the vibration response characteristics of the FRMERCJ are presented to reveal the influence of the ERCJ. e structural parameters of the flexible arm in this section are consistent with that in Section 2.1, and the vibrations at the position of the end effector are selected for the analysis. To explain the vibration enhancing phenomenon in the initial stage indicated in Figure 7 , which is related with the initial conditions, the trapezoid acceleration property of the driving system is considered in this section.
e motion involves two processes, namely, start-up accelerating process and uniform running process. For the same start-up acceleration, the accelerating time Δt is determined by the target velocity v. In this paper, the start-up acceleration is assigned as 1 m/s 2 , and the FRM can obtain the target velocities of 0.01 m/s, 0.02 m/s, and 0.03 m/s with accelerating time Δt � 0.01 s, 0.02 s, and 0.03 s, respectively. Figures 8 and  9 present the vibration displacements and vibration velocities in the start-up accelerating process, which indicate that the ERCJ have noticeable influence on the initial vibration displacement and vibration velocity.
To comprehensively assess the elasticity property of the connecting joints, the dynamic characteristics of the connecting joints considering the movements of the robotic system should be revealed. Figure 10 further shows the vibration responses of the FRMERCJ with different motion velocities, which are assigned as v � 0.01 m/s, 0.02 m/s, and 0.03 m/s, and the restraint stiffness is assigned as k � 1.0 × 10 6 N/m. It can be seen that, with the increasing of velocities, the vibration displacements of the FRMERCJ increase obviously while the FRMFRCJ present a minor change.
is indicates that the ERCJ are sensitive to the motion velocities, and the influence of elasticity property will be enhanced under higher velocities.
Shock and Vibration
To further investigate the in uence of the ERCJ on the vibration responses, Figure 11 shows the rst three orders vibrations of the FRMERCJ and FRMFRCJ. It can be obtained that the third orders vibration displacement of the FRMERCJ is larger than FRMFRCJ while the rst-and second-order vibration displacements are similar. is indicates that the elasticity property of the connecting joints signi cantly inuences the higher-order vibration responses, which further reveals that, for higher-order vibrations, the analysis error of the ideal xed restraint model will be obvious.
Dynamic Prototypal Verification and Restraint Mechanism
According to Figures 7-10 , it can be obtained that the ERCJ have signi cant in uences on the dynamics of the FRM. In Shock and Vibration particular, the elasticity property has signi cant in uence on the higher-order vibration responses, which are sensitive to motion velocities and will be enhanced under higher velocities especially in the initial stage. In this section, the virtual prototype experiment is conducted to further verify the dynamic model and vibration displacement equation of the FRMERCJ and investigate the restraint mechanism of the ERCJ. e virtual prototype model is constructed by the multibody dynamics simulation software ADAMS which can create a virtual prototype model of the mechanical Shock and Vibrationsystem to study the dynamics of the system. e flexible arm is modeled as a flexible body with discrete beam elements while the moving base is modeled as a solid mass. e restrain of the beam element at the end of the flexible body is defined as free, while the restraint of the connecting interface between the flexible body and the solid mass is defined as spring-damping unit with assigned restraint stiffness. en, movement pair and motion function of the moving base are assigned. e constructed virtual prototype model of the FRMERCJ is shown in Figure 12 .
Based on the virtual prototype experiment, the dynamic model and vibration displacement equation of the FRMERCJ are verified firstly. During the verification, the elastic restrained stiffness is assigned as k � 1.0 × 10 6 N/m and the translating movement velocity is assigned as v � 0.03 m/s. e vibration responses of the FRMERCJ are shown in Figure 13 , which indicates that the numerical results of the dynamic model in this paper are consistent well with the physical model with a same change trend. It should be noted that, due to the nonlinear structural damping parameter of flexible arm and connecting joints, the numerical response amplitude exhibits a difference with the physical model in the initial stage, and with the progress of time, the analysis results are consistent.
To further reveal the dynamic restraint mechanism of the ERCJ, the dynamic response characteristics of the connecting unit are investigated based on the virtual prototype experiments. Figure 14 presents the velocity responses of the connecting unit, it can be seen that the velocity of the connecting unit is not absolutely consistent with the moving base and presents a certain fluctuation in the initial stage; moreover, the lower the restraint stiffness, the more obvious the velocity fluctuation. It is known that if the connecting joints are absolutely fixed restraint, there will be no relative displacements or accelerations between the moving base and the flexible arm. According to Figure 15 , however, it reveals that the connecting unit exhibits certain relative acceleration, which is more noticeable for lower restraint stiffness in the initial stage, which indicates that there exists certain relative acceleration between the moving base and the flexible arm. Figure 16 further indicates that the connecting unit conveys certain intrinsic effect force especially for lower restraint stiffness in the initial stage. e conveyed intrinsic effect force will inevitably change the force situation and initial condition of movements, which consequently affects the dynamic characteristics of the flexible arm. ese results can illustrate the vibration response characteristics in the initial stage as indicated in Figures 7-10 and reveal the dynamic restraint mechanism of the ERCJ.
Conclusions
e dynamic characteristics and restraint mechanism of the elastically restrained connecting joints of the FRM are investigated. e elastic restrained region of the connecting joints is defined, and the frequency relationship equation in the elastic restrained region is simultaneously determined and verified. Results indicate that the elasticity property of the connecting joints has significant influence on the dynamic characteristics of the FRM and is sensitive to the motion velocities especially under higher velocities for the higher-order vibrations in the initial stage. e proposed elastic restrained model can accurately describe the elasticity property of the ERCJ. According to the virtual prototype experiment, the dynamic model and vibration equation of the FRMERCJ are verified; moreover, it reveals that the connecting unit conveys certain velocity fluctuation, response displacement, and intrinsic effect force in the initial stage, which inevitably affects the initial conditions of the flexible arm and is more obvious for the lower restraint stiffness. e results in this paper reveal the dynamic characteristics and restraint mechanism of the ERCJ as well as the influence on the FRM, which should be considered in dynamic analysis and are meaningful for structure design and vibration control of robotic manipulators with bolted connecting joints.
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